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Abstract-The two-dimensional laminar jet issuing from a nozzle of half width which terminates at height 
above a flat plate normal to the jet is analyzed theoretically. The available potential flow solution obtained 
by conformal mapping is used for the distribution of main-stream velocity over the flat plate. Then, the 
boundary-layer equations and the energy equation are solved by a finite difference method to evaluate the 
local friction factor C, and Nusselt number Nu. Results are presented graphically for the non-dimensional 
nozzle heinhts H = 1.0. 1.5. 2.0. 3.0 and co. and for the Prandtl numbers Pr = O-7, 1.0, 5.0 and 100. The 
profile of main-stream velocity for H = 3.O’coincides substantially with that for H = m ; also there are no 
distinguishable differences between the two cases in the flow-friction and heat-transfer characteristics. C, 
varies linearly close to the point of jet impingement as for a stagnation flow in infinite fluid, attains its 
maximum value, and then approaches asymptotically the value for the flow over a flat plate. C, increases 
with decrease in H, and the maximum value for H = I.0 reaches approximately 3.5 times the value for 
H = so. Nu varies similarly to C, except close to the point of impingement where it remains constant. The 
maximum value of Nu for H = 1.0 is approximately 1.7 times the value for H = co so that the increase of 
flow friction due to small nozzle height is much more remarkable than the enhancement of heat transfer rate. 
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friction factor ; 
mesh parameter, (5i+ 1 + fi)/ 

(5i+l - a;, 

non-dimensional stream function 
defined by equation (9); 
nozzle height from the flat plate ; 
non-dimensional nozzle height 
from the flat plate, h/l ; 
quantity defined by equation (26); 
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thermal conductivity ; 
half width of nozzle; 
number of divisions in the 
q-direction ; 
Nusselt number. d/k ; 
velocity defined by qi + 1 + qi ; 
Prandtl number. V/K; 
velocity defined by iYF/aq; 
Reynolds number, u,l/v ; 
temperature ; 
non-dimensional temperature. 
0, - Wr, - r,); 
velocity components in the x- and 
y-directions ; 
non-dimensional velocity, u/u, ; 
temperature defined by ti + 1 + ti : 
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;;‘, 

Y. 

coordinate along the plate; 
non-dimensional coordinate along 
the plate, x/l; 
coordinate normal to the plate. 

Greek symbols 

;io 

heat-transfer coefficient : 
form parameter defined by equation 
(13); 

“9. constant parameter ; 

6. 6,. boundary-layer and thermal 
boundary-layer thicknesses ; 

4. mesh size in the q-direction ; 

rl- non-dimensional coordinate defined 
by equation (8) : 

K. thermal diffusivity ; 

P. viscosity ; 

:: 

kinematic viscosity ; 
non-dimensional coordinate defined 
by equation (7) ; 

P- density ; 

;. 
shearing stress ; 
stream function. 

Subscripts 
0. point of impingement ; 

;- 

nozzle ; 
free surface ; 

i. .j. space subscripts in the <- and q- 
directions ; 

s. main stream ; 

W. wall. 

1. INTRODUCTION 

THE PROBLEM investigated here is the two- 
dimensional jet emerging from a nozzle into 
surrounding fluid and impinging on a flat plate 
normal to the jet. The impinging jets are of 
great practical interest in many industrial 
fields. They are applied to the annealing of 
non-ferrous sheet metals and the tempering of 
glass. They are also used for the drying of 
textiles and paper, and, in general. for the local 
heating or cooling of equipment. 

Two general cases of impinging jets can be 

envisaged, i.e. liquid to gas and liquid to liquid 
or gas to gas. These are differentiated by the 
relative importance of gravitational forces and 
of entrainment. In the first case, liquid to gas. 
entrainment is negligible and the jet forms a 
free surface ; however, gravity influences the 
speed. In the second case, entrainment is 
important and gravity is not so important. 
especially if the fluids are identical. 

After the impingement of the jet on to the 
flat plate. it spreads out over the surface and a 
boundary layer develops. Watson [l] classified 
the flow over the surface into four different 
regions for a vertical liquid jet with a free surface 
falling against a plate. 

(i) A stagnation region. where the distance x 
from the point of impingement of the center of 
the jet is of the order of the half width of nozzle 
I, and the main-stream velocity u, rises rapidly 
from zero to the free-stream velocity uP The 
boundary-layer thickness is of the order of 
(v&J* where v is the kinematic viscosity and 
u, is the jet speed. For x 4 1. the flow in this 
region can be approximated by the stagnation 
flow in infinite fluid wherein the main-stream 
velocity increases linearly with x. 

(ii) A flat-plate region at greater distance x 
where there is practically no pressure gradient 
in the flow direction and the main-stream 
velocity is nearly equal to u,.. The flow behavior 
is essentially identical with that for a flat plate. 

(iii) A transition region. where the boundary- 
layer reaches the free surface. and the entire 
flow field is subject to viscous stresses. Herein, 
the velocity profile changes in the flow direction 
from the flat-plate profile to a fully developed 
similarity profile. 

(iv) A similarity region, where the dimension- 
less velocity profile remains unchanged. and 
only the scale varies. In this region the flow 
becomes independent of the way in which it 
originated. A hydraulic jump in which the film 
thickness on the plate increases abruptly will 
ultimately occur. 

The situations are essentially different in the 
case of a jet discharged into the same fluid, i.e. 
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liquid into liquid or gas into gas. An entrainment 
of surrounding fluid by jet is present, and alters 
the flow of jet before impingement on a flat plate. 
A stagnation region exists, but far downstream 
is formed a region called wall jet, where the 
maximum velocity decreases with x owing to 
entrainment. There is a transition region between 
these two regions. 

The potential flow solution for an impinging 
jet on a flat plate was attempted by Michell [2] 
and Ehrich [3] in conjunction with the flow in 
valves of various configurations. Their works 
are summarized in Robertson [4]. It is also 
discussed in Loitsyanskii [5]. They are, however. 
interested in the contraction coefficients. 

The two-dimensional stagnation flow problem 
in infinite fluid was first solved by Hiemenz 161, 
and the solution was improved later by Howarth 
17-J. The solution for the same problem was 
obtained by Homann [8], who solved the 
boundary-layer equations for both the axisym- 
metric and the two-dimensional laminar flows. 
Sibulkin [9] followed Homann’s similarity 
transformation and solved the energy equation 
for the flow near the stagnation point of a body 
of revolution to evaluate the local Nusselt 
number. A theoretical analysis for liquid jets 
with a free surface impinging on a flat plate was 
made by Watson [i] for both the axisymmetric 
and the two-dimensional cases with H = so. 
Laminar and turbulent flows were considered 
in all the aforementioned regions except in the 
stagnation region where a similarity solution 
ceases to be valid. He also predicted the distance 
from the stagnation point at which the hydraulic 
jump occurs, and compared the prediction with 
experimental results. The problem of heat 
transfer for impinging liquid jets with H = m 
has been solved by Chaudhury [lo], who dealt 
with axisymmetric laminar flow under various 
thermal boundary conditions and included 
frictional heat generation. However, he also 
avoided the analysis in the stagnation region. 
Runchal et al. [l l] applied their numerical 
technique [12] to solve the Navier-Stokes 
equations for laminar plane jet impinging on a 

heated wall for several cases with a fixed nozzle 
height from the wall under the assumption that 
streamlines, vorticity and isotherms are parallel 
to the wall at some downstream location. They 
presented streamlines, vorticity and temperature 
patterns, but did not evaluate the friction factor 
and Nusselt number. 

In the present paper, the analysis is confined 
to the first and second flow regions. i.e. the 
stagnation and flat plate regions. When a liquid 
jet discharged into a surrounding of gas im- 
pinges on a flat plate, there are no effects of 
entrainment. However, in the case of liquid jet 
into liquid or gas jet into gas, the entrainment 
of surrounding fluid by jet is not negligible. The 
effects of viscosity in the region of free jet before 
impingement should be considered in order to 
estimate the validity of the potential flow 
solution. They can be ignored if the nozzle 
height is less than the length of potential core. 
According to Hrycak et al.‘s experiment [ 131 for 
axisymmetric air jet, the length of potential core 
is a function of the Reynolds number. and attains 
the maximum value, 42 nozzle radii. at Re = 500. 
below which the flow is considered to be laminar. 
It decreases with the decrease of Re. and is 
28 nozzle radii at Re = 300. In the region of wall 
jet the maximum velocity decreases along the 
plate differently from the situation of the 
potential flow solution, where the main-stream 
velocity reaches asymptotically the nozzle exit 
velocity. Consequently, our solution holds up 
to the transition region between the stagnation 
and wall-jet regions. In the case of liquid jet 
into gas our solution is also valid in the flat plate 
region i.e. up to the location where the boundary 
layer thickness reaches the free surface. The 
location depends on and decreases with Re. Our 
rough estimation shows that it is 3.3 half nozzle 
widths at Re = 100, and 17 at Re = 500. The 
results of our computation should be, therefore. 
applicable as an approximation to both liquid 
jets into gas and jets emerging into a similar 
ambient fluid. 

It is known that the boundary layer in the 
stagnation region is laminar owing to a positive 
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pressure gradient even if the jet before impinge- 
ment is turbulent. Our solution is, however, not 
valid for the turbulent jet because of the effects 
of main-stream turbulence which intensities 
considerably the flow friction and heat transfer. 

The objective of this investigation is to obtain 
the flow-friction and heat-transfer characteristics 
on a heated or cooled flat plate against which a 
two-dimensional laminar jet impinges. The 
potential flow solution. which is available in 
[2] and [3], is used for the distribution of main- 
stream velocity. The solution considers nozzle 
height from the flat plate. The boundary-layer 
and energy equations are then solved by a finite 
difference method after Gortler’s transformation. 
and the local friction factors and Nusselt 
numbers are evaluated for H = 1.0. 1.5. 2.0. 3.0 
and rxj. and for Pr = 0.7. 1.0. 5.0 and 10.0. 

2. SOLUTION OF THE BOUNDARY-LAYER 
EQUATIONS 

The flow configuration of the impinging jet 
and the coordinate system are illustrated in 
Fig. 1. 

In order to solve the boundary-layer equations, 
the distribution of the main-stream velocity u,~ 
is required. To facilitate the understanding of 

FIG. 1. Flow configuration and coordinate system. 

is shown graphically in Fig. 2 for H = 1.0. 1.5, 
2.0, 3-O and 00. The curve for H = 3.0 is seen to 
agree substantially with that for H = (30. In the the flow-friction and heat-transfer characteristics. 

we present here the result derived from the close vicinity of the point of impingement, the 

past analysis [3] together with the free-stream 
velocity u,.. They are given in non-dimensional 
form as 

(1) 

u, = J(Y - 1) + JY. (2) 

X=-2- 
[ 

J(y- l)tan-’ 
1 

q,/(Y - lW,/u, 
______- 

xv, 1 + w&r J2 I 

+ In 
1+ USIW 

i I 1 - US& 
+ (Jr) tan-’ 

(3) 

where y is a parameter. U, is only a function of 
H, and is independent of X. It tends to be infinite 
in the limit of zero nozzle height. It decreases 
monotonously with H, and approaches unity 
asymptotically as H increases. 

The distribution of the main-stream velocity 

FIG. 2. Distribution of the main-stream velocity for the non- 
dimensional nozzle heights H = 1.0, 1.5, 2.0, 3.0 and x’. 
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flow of the impinging jet may be approximated 
by the stagnation flow in infinite fluid for which 
the main-stream velocity increases linearly with 
X. For infinite nozzle height, the main-stream 
velocity decreases monotonously, and it ap- 
proaches the free-stream velocity asymptotically. 
However, as the nozzle height is reduced the 
main-stream velocity increases more rapidly 
than linearly at a distance from the point of 
impingement which is of the order of the nozzle 
half-width. This may be explained as follows: 
when the nozzle is located at infinity so that 
U, = 1, the flow can spread in the x-direction 
far ahead of the point of impingement so that 
the main-stream velocity increases gradually. 
However, when the nozzle is closer to the plate 
so that U, > 1 continuity requires a decrease 
in velocity at the center of nozzle. Further, the 
decreased clearance between the nozzle and the 
plate when H is small accelerates the internal 
flow. Consequently, the main-stream velocity 
along the plate increases more rapidly closer 
to the point of impingement than when H = so. 

The boundary-layer equations of continuity 
and momentum governing the laminar flow 
with constant properties are given by 

a”+!?!=,, 
ax ay (4) 

au au du a% 
u--+0-= u,-+v-y 

ax ay dx ay (5) 

which are subject to the boundary conditions 

U=II=O at y = 0, 

u --f u, asy-rco. 
1 

(6) 

Here, u and II denote the x- and y-components 
of velocity respectively. In order to facilitate the 
numerical analysis, Gortler’s transformation is 
employed 

r = i;l;juS(x)dx -j-&(x) dx, (7) 

0 0 

yI= 
U,(XlY (JWUsW) Y = 

12~ [GWx)f Jx ' (8) 

{2v s, u,(x) dx)+ 

where the Ffynolds number is defined by 
Re = u,l/v. Using equations (7)-(g), the govern- 
ing equations (4) and (5) are transformed into 
the form 

$+FE+B(r) 1 - (g} 
aF a2F 

=25 -~--z 1 aF a2F 

all ataf7 at a? I 
with the boundary conditions 

F=%O 
all 

at q = 0, 

aF - 
all 

-,l asq-+co. 

Here, /?(t;) is given by 

2duJdx [ u,dx 2{d2</dx2 

P(l) = 
uf = (dQdx)’ 

(10) 

(11) 

(12) 

(13) 

Taking q = i?F/@, equation (10) may be re- 
arranged as 

6 
= - P(5) (I - q2). (14) 

In order to solve equation (14) we use the 
implicit finite difference method developed by 
Terrill [14]. For details see the reference. 

Once the velocity distributions were obtained. 
the local friction factor is evaluated. It is defined 

by 

(15) 
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where p is the density. and T, is the shearing 
stress at the wall which is given by 

u:. aq 

)‘= o = “’ J(2Ret) & 0 ,,= o’ 
(16) 

Inserting equation (16) into (15) and rearranging, 
we get 

The first derivative of 4 with respect to rl is 
replaced by the four-point difference scheme: 

a4 (--> -l lqi 0 + 18qi, 1 - 9qi,2 + 2q,. j 
all 9= o = --I- 6Arl ----__~______. 

(18) 

Consequently. the friction factor is approximated 

by. with qi,o = 0. 

3C,JRe ‘.t ‘hi, 1 -9qi, 2 + 2qi 3 = __L_ Jt2() 6Aq ’ 
(19) 

Figure 3 illustrates the variation of local 
friction factors as solid lines with the nozzle 

FIG. 3. Variation of the local friction factors for the non- 
dimensional nozzle heights H = 1.0, 1.5, 2.0, 3.0 and mo. 

height as a parameter, while the dotted line 
indicates the friction factor for the flow over a 
flat plate from Schlichting [15]. At the point of 

impingement, the friction factor is zero. since 
there is no velocity gradient, and in the immediate 
vicinity of this point, it increases linearly as in 
the stagnation flow problem. Far downstream 
the main-stream velocity approaches a constant 
value so that the friction factors tend to vary as 
that for the flow over the flat plate. and to be 
proportional to the reciprocal of the square 
root of X. The curves for the impinging jet 
should coincide with that for the flat plate in 
the limit by an appropriate choice of fictitious 
origin. It is interesting to note that, though the 
main-stream velocity has practically reached a 
constant value at about X = 5. the friction 
factors there are considerably larger than that 
for the flow over the flat plate. Maximum values 
of the friction factor occur for small X because 
the boundary layer is thin and the main-stream 
velocity is relatively large there. The maxima are 
shifted toward the point of impingement with 
decrease in H since the main-stream velocity 
approaches the free-stream velocity more rapidly 
for small H. The maximum values of the friction 
factors increase significantly with decreasing H 
owing to the rapid increase in main-stream 
velocity. 

3. SOLUTION OF THE ENERGY EQUATION 

The governing equation of energy with the 
assumptions mentioned in the introduction is 

at at a% 
ux+l!~=Jcdy2 (20) 

which is subject to the boundary conditions 

t=t,aty=O,t-+t,asy-+c/J. (21) 

Here. t. t,. t, and K are the local. wall. and jet 
temperatures, and the thermal diffusivity res- 
pectively. We now introduce the non- 
dimensional temperature T = (t, - t)/(t,- t,). 
and then equation (20) is transformed to. using 
equations (7). (8) and (9) : 
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aF aT --- 
a5 as I * (22) 

where B is the Prandtl number. The boundary 
conditions (21) become 

T=Oatq=O, T+lasq-+X). (23) 

Applying the Terrill’s finite difference scheme 
for the boundary-layer equation (14) to the 
energy equation (22) we have 

-Prdipi(wi - 27J = 0 (24) 

with wi = T + K+r, where Tand T+, are the 
temperatures at 5i and ri+ 1 respectively. Wi 
should satisfy the boundary conditions 

wi=Oat~=0,wi-+2as~+so. (25) 

The derivatives with respect to q are replaced by 
the central difference scheme, letting 

Ii, j = g f+Pi + di(Pi - 2d>dV 

z 0 + diMPi, 1 + Pi, 2 + . . . + hi, j) 

-2dMqi, 1 + qi, 2 + . . * + hi,j)* (26) 

Then, equation (24) is rewritten in the finite 
difference form as 

wi,j+ 1 
2 + AV’Prdipi,j 

-~ 
1 + (Ar1/2) Prli, j wi’i 

1 - (Aq/2)Prli,j 
’ 1 + (A?/2)PrZi,j wi”- ’ 

t2’) 

Considering the boundary conditions (25). or 
more specifically Wi o = 0 and Wi N + 1 = 2. the 
first and Nth equations in equation (27) take 
the forms 

wi,2 - 

2 + Aq’PrdiPi, r 

1 + (Aq/2)Prli, r wi r 

2PrdiAq2 
=- -Pi,rT,I. 

1 + (Att/2)PrJi, 
(28) 

1 
2 + Av’PrdiPi,N 

-- 1 + wi’ (Aq/2)Prli, N N 

1 - (AV/2)Pr~i,N 
+ 1 + (fb$)Pdi, N Wi’N - ’ 

2PrdiAq2 
=- 

1 + (Aq/2)Prli, N 
Pi,Nq,N - 2. (29) 

The temperature distribution is obtained by 
solving the system of linear equations which 
consist of equations (27)-(29). Since the energy 
equation is linear, there is no need for iterative 
computations. 

The governing equation which gives the 
temperature distribution at 5 = 0 to start the 
successive computations is 

a2T 
2 a? 

+ PrF g = 0. 
all 

(30) 

The solution of equation (30) with the boundary 
conditions (23) is known in closed form as 

jexp(-Prl Fdq) dq 

T=,O 

[exp(-PriFdtl) dv 

(31) 

where F is the solution to the stagnation flow, 
which was tabulated by Ulrich [16]. The initial 
temperature distribution was evaluated by the 
numerical integration of equation (31) for 
Pr = 0.7. 1.0, 5.0 and 10.0. 

Once the temperature distribution at each 
increment of 5 was obtained, the Nusselt 
number may be evaluated. The local heat 
transfer coefficient a is defined by 

a@, - t,) = -k at 0 ay y=o* (32) 

where k is the thermal conductivity. Solving 
equation (32) for a and using the non-dimensional 
variables, we get 
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kJRe U, aT 
a=------ - 

I Jc20 (art) vi 
(33) 

The local Nusselt number, therefore. becomes 

Nu = g = ~~e)Us aT 
k 0 J(25) - all s=. 

(34) 

Approximation of the first derivative with 
respect to q by the four-point difference scheme. 
and transfer of the Reynolds number to the left- 
hand side yield, with T., = 0, 

The local Nusselt numbers are shown in 
Figs. 4-7 as solid lines for H = 1.0, 1.5, 2.0, 
3-O and cc where the dotted lines are those for 
the flow over the flat plate from Schlichting [15 J. 
which are given by 

187;,,.- 9T,, + 2+ 

6b 
. (35) 

02 ’ Flat plate Nu/&?‘~= O-567/ X Iv2 
-I 

Ol 

X 

NU 
__ = 0.332PfiX’ for 06 < Pr < < 10. (36) 
JRc 

FIG. 4. Variation of the local Nusselt numbers for the non- 
dimensional nozzle heights H = 1.0, 1.5, 2.0, 3.0 and (u with 

the Prandtl number Pr = O-7. 

t plate N~/Re”~=0~332/X”~ 

FIG. 5. Variation of the local Nusseh numbers for the non- 
dimensional nozzle heights H = 1.0, 1.5, 2.0, 3.0 and rio with 

the Prandtl number Pr = 1.0. 

Figures 4-7 are. respectively, for Pr = 0.7. 
1.0. 5.0 and 100. 

In the neighborhood of the point of impinge- 

FIG. 6. Variation of the local Nusselt numbers for the non- 
dimensional nozzle heights H = 1.0, 1.5,2.0,3.0 and m with 

the Prandtl number Pr = 5.0. 

FIG. 7. Variation of the local Nusselt numbers for the non- 
dimensional nozzle heights H = 1.0, 1.5, 2.0, 3.0 and x, with 

the Prandtl number Pr = 10.0. 
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ment. the local Nusselt numbers show an 
essentially different trend than the friction factor. 
At the origin the friction factor is zero. but the 
Nusselt number has a non-zero value because 
there ic 51 tmnnersctllre cliff~wnr~ t C11”L” 1” . ‘““‘y”‘““‘” ..l..“.“..W” SW - t anrl 

Co’ -L-- 

heat is transferred by conduction. Moreover, 
while the former increases linearly the latter 
remains nearly constant. This is explained by 
noting that C, is approximately proportional 
to uJ6 where 6 is the boundary-layer thickness 
which is constant, while u, grows linearly with 
x ; Nu is approximately proportional to (t, - t,)/ 
6, where 6, is the thermal boundary-layer 
thickness which is also constant along with 
t, - t,. 

Far downstream the heat transfer approaches 
that for the flow over the flat plate. and the 
Nusselt number decreases in proportion to the 
reciprocal of the square root of X. At a distance 
of about the nozzle half-width the Nusselt 
number is greatly increased for small values of 
H, and the maximum points of the Nusselt 
number occur here. Heat transfer is dependent 
on not only the Reynolds number and the 
nozzle height but also the Prandtl number. and 
is enhanced considerably by increase in the 
Prandtl number because a large Prandtl number 
means large thermal capacity of the fluid 
enabling the fluid to carry more heat for the 
same temperature difference t, - t,. The in- 

FIG. 8. Correlation of the Nusselt number at the point of jet 
impingement. 

crease in the Nusselt number due to small H 
is also more pronounced for large Prandtl 
numbers. 

Figure 8 presents a universal correlation 
~~WVP fnr the N11ccdt nllmher NW_ at the nnint nf vu_ ,” ..,. .&._ I ...YYI.. .._. -1-1. IV “” I. ..I., y., -1.. VI 
impingement; this was found to be approxi- 
mately proportional to Pr”‘373. The maximum 
deviation from this curve for all Prandtl 
numbers is less than O-9 per cent. According to 
Sibulkin [9] the Nusselt number at the point of 
stagnation for a body of revolution is propor- 
tional to PF’” for 0.6 < Pr < 2.0. 

4. CONCLUSIONS 

The two-dimensional laminar jet impinging 
on a flat plate was analysed theoretically. The 
available potential flow solution obtained by 
conformal mapping was used for the main- 
stream velocity over the flat plate for the non- 
dimensional nozzle heights H = 1.0. 1.5. 2.0. 
3.0 and cx). The distribution of main-stream 
velocity for H = 3.0 agrees substantially with 
that for H = so. In the immediate vicinity of the 
point of jet impingement, the main-stream 
velocity may be approximated by that for 
stagnation flow in infinite fluid wherein the 
velocity increases linearly with distance. As H 
is reduced, the velocity increases more rapidly 
than linearly when x is near the nozzle half- 
width. 

layer and energy equations were solved by a 
finite difference method. and the local friction 
factors and Nusselt numbers were evaluated. 
The friction factors increase linearly from zero 
near the point of impingement, and approach 
the value for the flow over the flat plate far 
downstream so that they decrease pro- 
portionately to X-*. In between. maximum 
values occur and the maximum values of 
friction factor increase significantly with de- 
crease in H. The Nusselt numbers are greater 
than zero and remain constant near the point 
of impingement; for small H, they increase to 
maximum values shortly beyond impingement. 
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Far downstream they tend to vary in pro- 7. 

portion to X-* as for the flow over the flat plate. 
The heat transfer depends not only on the s, 
Reynolds number and H, as does the friction 
factor, but also on the Prandtl number: the 
Nusselt numbers increase considerably with 9’ 
increase in the Prandtl number. The Nusselt 
number at the point of impingement is found to 10. 

be approximately proportional to Pr”.373. 
11. 
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ECOULEMENT ET TRANSFERT THERMIQUE SUR UNE PLAQUE PLANE NORMALE 
A UN JET LAMINAIRE BIDIMENSIONNEL SORTANT DUNE TUYERE DE 

HAUTEUR FINIE 

R&m-n etudie theoriquement le jet laminaire bidimensionnel sortant dune tuyere a distance dune 
plaque plane normale au jet. La solution de l’ecoulement potentiel obtenue par transformation conformc 
est utiliste pour connaitre le champ des vitesses de l’tcoulement principal sur la plaque. Les equations de 
la couche limite et de l’energie sont ensuite resolues par une methode aux differences iinies pour &valuer 
le coefficient local de frottement C ret le nombre de Nusselt Nu. Les resultats sont present&s graphiquement 
pour les hauteurs adimensionnelles de la tuytre H = 1-O; 1.5; 2.0; 3.0 et cl,. et pour des nombres de Prandtl 
Pr = 0,7: 1.0; 5,0 et IO. Le protil des vitesses du mouvement principal pour H = 3 coincide avec celui pour 
H = CC, ; de m&me il n’y a pas de ditlerence visible entre les deux cas pour les caracteristiques de frottement 
et de transfert thermique. C, varie lineairement au voisinage du point d’impact comme pour l’ecoulement 
d’arret dans un fluide intini, atteint une valeur maximale puis approche asymptotiquement de la valeur 
correspondant a l’bcoulement sur plaque plane. C, augmente lorsque H dtcroit et la valeur maximale 
pour H = 1 atteint apprOXimatiVemetIt 3.5 fois la valeur pour H inhni. Nu varie de faGon semblable a C 
sauf pres du point d’impact ou il reste constant. La valeur maximale de Nu pour tl = I est presquc I.? 
fois la valeur pour H = z si bien que l’accroissement du frottement dft a une faible hauteur de la tuyire 

est plus remarquable que celui du tlux de transfert thermique. 

DIE STRGMUNG UND DER WARMEUBERGANG AN EINER EBENEN PLATTE 
SENKRECHT ZU EINEM ZWEIDIMENSIONALEN LAMINAREN STRAHL. DER AUS 

EINER DOSE ENDLICHER HdHE AUSTRITT 

Zusammenfassnng-Es handelt sich urn die theoretische Untersuchung eines zweidimensionalen laminaren 
Strahles, der aus einer D&e von halber Breite austritt. Die Diise endet tiber einer ebenen Platte. die senk- 
recht zum Strahl steht. Die I,osung fur die Potentialstromung, die man durch konforme Abbildung 
erhllt. wurde fur die Verteilung der Freistromgeschwindigkeit iiber der Platte herangezogen. Dann 
wurden die Grenzschichtgleichungen und die Energiegleichung mit einem Differenzenverfahren gel&t, 
urn den Faktor fur die lokale Wandreibung C, und die lokale Nusselt-Zahl Nu zu ermitteln. Ergebnisse 
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sind graph&h angegeben fiir dimensionslose Diisenhiihen H = 1.0: 1.5: 2.0: 3.0 und ftir Prandtl-Zahlen 
Pr = 0.7: 1,0: 5,0 und 10,O. Das Aussehen der Freistromgeschwindigkeit fur H = 3,0 stimmt im wesent- 
lichen mit dem fiir H = cc i&rein; ebenso gibt es dann keine merklichen Unterschiede zwischen den 
beiden Fallen in den Charakteristiken fiir die Wandreibung und den Wlrmetibergang. C, andert sich 
linear in der Zone neben dem Punkt. in dem der Strahl auftrifft.-wie bei der Staustriimung im unbegrenz- 
ten Stromungsfeld*rreicht sein Maximum und geht dann asymptotisch gegen den Wert ftir die Striimung 
iiber eine ebene Platte. C, wlchst mit abnehmenden H, und der maximale Wert ftir H = 1.0 erreicht 
annlhernd das 3,5-fache des Wertes fiir H = CC. Nu Hndert sich iihnlich wie Cf mit Ausnahme der Zone 
beim Staupunkt. wo der Wert konstant bleibt. Der maximale Wert von Nu fur H = 1,O ist annlhernd das 
1.7-fache des Wertes fur H = co, so dass der Anstieg der Wandreibung aufgrund der geringen Dtisenhohe 

viel starker ist als die Zunahme des Wirmeiibergangs. 

TEHEHBE I4 TEIIJIOOBMEH IIJIOCHOH IIJIACTHHbI IIPH B3AMMO~EHCTBMH 
C IIEPIIEHJ(BHYJIRPHOH ABYMEPHOH JIAMHHAPHOH IIJIOCHOH 

CTPYEH, BCTEHAIOIIJEH II3 COIIJIA HA HOHE’IHOH BbICOTE 

AHEOT~~H~I-~~OBO~UTCH reopernqecror1 anann m3ymeprioti naMnnapHoti c~pyn, nepne- 
HAUKYJIHpHOi IIJIaCTUHe,BbITeKaIOIl&ei U3COIIJIa,paCIIOJIO~eHHOrO HaKOHeqHOi BbICOTe Haa 
IIJIaCTUHOi. AJIH lIOJIJ'~eHUR paCIIpeReneHUR CKOpOCTU OCHOBHOrO IIOTOKa Ha IIJIaCTUHe 
UCIIOJIb3yeTCR U3BeCTHOe peIIIeHUe J(JIH IIOTeH~WaJIbHOrO IIOTOKa, IIOJIyqeHHOe MeTOHOM 
KOH+OpMHblX oTo6paHceHUi. 3HaYeHUH JIOKaJIbHOrO KOE$$U~UeHTa TpeHUH c, U YUCJIa 
HyCCeJIbTaNuHaxO~HTCH peIIIeHUeM YpaBHeHHZt IIOrpaHWIHOrO CJIOH M J'paBHeHUR 3HeprUU 
MeTOAOM KOHeYHbIX pa3HOCTefi. Pe3yJIbTaTbI IIpeACTaBneHbI rpa$WIeCKU HJIH pRAa 6eapa- 

3MepHbIx 3Ka9eKUfi B~ICOT~I coma : H = 1,O ; 1,s ; 2,O ; 3,O ; co, A qacen HpatrRrnn Pr = 0,7 ; 
1,o; 5,0; lo,& npO@UJIb CKOpOCTU OCHOBHOrO IIOTOKa HJIH H = 3,0 YAOBJIeTBOpUTeJIbHO 
CosnagaeT c IIpO@ineM gnH H = co. HpOMe Tore He 06HapyxeHO 3aMeTHblX pa3nWIUti B 
XapaKTepUCTUKaX TeIIJIOO6MeHa A TpeHUH JJJIH BTAX ABJ'X CJlJ'qaeB. C,M3MeHReTCH JIUHetiHO 
B6JIU3U TO'IKU HaTeKaHUH CTpJ'U Ha IIJIaCTUHy, KaK II B CJIyqae KpUTHYeCKOrO IIOTOKa B 
HeOrpaHUqeHHOM o6%eMe H(UAKOCTU,3aTeM AOCTUraeT MaKCUMaJIbHOti BeJIWYUHbI U,HaKOHeIJ, 
aCUMIITOTWIeCKM npU6nUmaeTcH K BeJIWIUHe c, IIpU 06TeKaHUU IIJIOCKOti IIJIaCTUHbI. c, 
BOspaCTaeT IIpU YMeHbIIIeHUU H, AOCTUraH CBOerO MaKCUMaJIbHOrO 3Ha9eHUH II~U H = l,O, 
KOTOpOe IlpUMepHO B 3,5 pa3a 6onbme BeJIUWiHbl C,UpU H = c0.N~ U3MeHHeTCR aHaJIO- 
I'UYHO C,3aUCKJWIeHUeM o6nacTU B6JIU3UTOYKU HaTeKaHIWI,rAe OH0 IIOCTOHHHO.i%faKCUMa- 
nbHoe 3KaqeKUe Nu nnH H = 1 ,O npnMepno B 1,7 paaa 6onbme ero arraqerrun npa H = 03. 
TaKUM o6paaom,npu He6O~bLUUX3Ha9eHUHx~bI~O~bIcOH~aHa6~loAaeTC~6o~ee3Ha~UTenbHoe 

J'BeJIWIeHUe KO3+$i~UeHTaTpeHUR II0 CpaBHeHUEO C pOCTOM TeHJIOO6MeHa. 


